
 
Topologiesonproducts

let Xi iej be a collection of topological spaces indexed

by the set J

The Cartesian product of this collection is

X IT Xi ai es aieXi
i e it's the set of maps x i J UXi St i cAi
How do we define a topology on X Two natural options

NaiveapproachiBoxtopologyT
The tox topology on X has basis

IT Ui Ui CXiopen check this is a basis

This is a natural definition but it has weird properties

Ex Consider thediagonal map 0 IR IR RoxR xRzx
or 112W

defined D x x x X

For finite products using the producttopology 0 IR IR is

continuous in fact it's an embedding1

Yes Dtr



However giving IR the box topology 0 IR RINis not
continuous

Consider B f l l E E x ft E x

O l B h f's f 03 which is notopen in IR

BetterideaiproducttopologyT
The product topology on X IT Xi has basis

ITU i UiEXi is open and Ui Xi checkthis is a basis
for all butfinitelymany i

Notice that the box and product topologies are the same if the
indexing set is finite

Unless I specify 1TXi will be giventhe product topologyfrom now on

Thmi f 7 ITX is continuous each fi 2 Xi is continuous

PI Suppose f is continuous fi piof where pi is the ith projection

Pi is continuous since if Ui E Xi is open pi Ui is the product
where thejth factor other than j i is Xj
Otherdirection exercise D

IN
EI This impliesthe diagonal 0 IR IR is continuous since Oi is
the identity



There is another interesting topology that sits between the box and

producttopologies

The uniform topology

First we need todefine a new metric on 112

EI On R let d be the standard Euclidean metric

Define d x y min d x y I

Basis for the corresponding topology consists of balls of radius
El and all of 112

Claim this induces the standard topology

If BT x is a ball in the metric d then

If rel Br x Br x
7r ballin standardmetric

If r I For x IR 2Br x

For Br x in thestandard metric

If r e l Br x Bdx
If r I B x 2Be y for A ycBr x and some El

n
B e y

So each topologyis finer than theother so they are the same
This is true more generally



Def Let X d be a metric space

d x y min d x y I is calledthestandard bounded metric

and it induces the same topology as d bysameproofas above

let J be an index set let X IRT fire iff IR
Define a metric f on X by p canyouseef I j sup d lxi.si icJ3dThken

gaee

where d is the standard boundedmetric on IR

This is called the union metricand it induces the uniform
topology

i
l II 1If J is finite

open balls look like square regions I 1
w side lengths at most 2 I 1

and the whole space

What if J is infinite

Ex Consider U C l l f 1,1 x E IR WI uniform topology

is this the l ball around o 0,0

let I E 3,3T t t Then

F T T I so U is not in the l ball around 8



In fact U is not open There's no E uhd around I

since there's always some coordinate w in E of I

What are the E balls around 0,0 It E I it'severything

Heal let Ug Coh8 x foror

If f L E Then Us is contained in the E ball

If Tx is within the q ball then sup Xi ieµ E E so

I e Ueto

Thus the E ball is Uttarosorce

theorem Theuniformtopology on IRJ is finer than the product
topology and coarser than the box topology

Pf let I c 112J and ITUi be a basiselement in the

product topology containing I Xi ie

let d K dn be the indices where Uit IR
in dmetric
1Since Uq is open in IR we can find an Ej ball aroundXg

contained in Uq Let E min E En

The E ball centered at 5 in the f metric is in IT Ui
Thus the uniform topology is finer that the product topology



Now let 13 be an E ball centered at 5 in the f metric
Mm V yoE B we can find dces.t.yoif.IT xi 8 x it d EB

so the box topology is finer than the uniform topology D

so Tprod E Tomie E Tbo

Note Since the boxand product topologies are the same if
J is finite they are all the same in this case

However if J is infinite they are all different as we saw

above


