—Dpolosu'e_s o 'Prbde'S

et éxi?’)‘.ej be & Collechon of h;PoIOjico’d spaces  indaxed
L"‘} ™Mo set .

Tha Cartesian PVDnd;l- of tnis collechionn i's

X = WX;:{("H‘)ceT“L;eX&
le 1H's e st of maps x: J 2 UK sk % () eAr
How do we define a {'Dpolojj om X2 Two nahwol ophioms .

Nedive approtch: Bo)('h)Eole’j
The, \ﬂ\hgolow o X has basis

CTTUG [ U € X opam  (chick s s bosi)

This 15 a natwal oefinthon but i+ has waird proputies -

Ex: Considur Mdimz)ohd ma p A ['P\ﬁ RN (-_- R°XRlszx“)
(o R7)

dafined  D(x) = (%, x,%,..).

For  finite proolucts UtSl'V\& e PWML+ ’(‘opolojta A:R—R" i
con uoug (ih fact it's om embuidivj l.)

==




HU\/U-Z.V-LV‘[ g\'vl"f\j ﬂ{w e box h"bloﬂ‘ﬁ; AR =R ot

cowhinuous |
Consider B = (-1,1) ¢ (-4,4) % (£ Dx..

Q-l (BB = ﬂ ("W)',!T\= E,O?S , whith s vot opn in [R.

Better (dea : Pwdud +bpo(oc)j

The produck topology o X = [ Xi has  basis

{_)TU;\ W.cX: is opum amd U;=X:% ((,W.d'. Thist:sou—bous"s!)
broall but Fivn'kla thwg ¢

(No'h'ce Twat twe box and pvoduc‘f h,polojl'u ave Twe ame i+ Twe
M&inm? Set s '{"ilﬂi‘('l.}
Unless | sPac({ﬂJ, T X will e Sivw e produmct ‘I'bpolofjtj‘f-row Now 1

Tam: £:Z =TT X s wntinuous & each £ 1 T=2X:  is continuows,

’L{’: Suppose £ is comTinuous, ‘F1=P;°1/: where pi s Twe Pmde.d"b"\.

Pi s wwbinuous ¢inee if U S X s opmm, P;-‘(u;) is fwe produd
Wl re e d'h.\ ‘qu‘o\r (DT\N.V twan () = C) S Xd

Otwer direchon: exercise. M

N
_E_X: This imp’fcs The o(iadow\o\[ A B R — R [KY wwr\'ihuous, Sing O 13



Therve 5 omothes interesting h’P"l‘_’j‘a' at sits hetnern Twe hox and
product fopologieg:

The wmiform topology

First we meed b define oo hew metne on R :

Ex: on R let Jd be Tme stomdaid (Euolfolum metiic.

e !

Define  d (x.4) = min {A(w,.ﬂ , IE

Basis br e Cornj'omqo\(V\j ‘h)Polojg cnsists of  balls ot radius
< | omd ol ot R

Claim: This  induces e Stomdavd ‘I'vpolojj.

H" E.- (7() is & ball v twe maetrice d/ P

—_—

I+ Vsll Br (.7) = Bv ("f)

1
r-ballin gtwmdard
wtrie

£ s, E, () =R 2B,(2)

For By— (,7) in Twe stomdavd l/vu_-f'w'c,’

It rel, B(x) =B ()
¢ el B,()2 Bt(\g) for ¥ 3 eBe(®) owmd fome £\
8o (y)
do each bpolegy is finer Tham tue other, 5o They ave The Same.

-Tl"i-s is tue more g,l/vuma“tj_



.DLP" Let (X,on ke a  waetvic Spote.

a_('x,ua) =Mmin id(*,tﬂ ) D} IS called twe stmdavd bound <o mdvic

omd it indues T Same bpblbj'-a. as d. (,b‘1' Same provt ay aboVe_)

(,Uf’ j‘ h«b dne in dek Sob Lt X_—. (’RT Ci"' Em—>

Def ine o VWJ'W'CP_ on X h\j/,__\

— (s o - (¢

P (oo,lg)= Sup{oi(%;,'ob\ cej} o?";:?bzvq%
c?)‘le{q

—

Where  d is we stomdavd bound ed mehie o )R

This is called 'h/LgWV“"anw\ mebvic qv\A i+ in(Mcc.S The i fovin
+0P°l°jj~

(£ J s 'pl'V\H_‘(J ,
7 Koo
0 g ba((s Looj; l;lo_ $QULO\VL h.jl'd"/ls |
w/ side lmj‘ms at most 2 }
(amd twe whole spac,c)
What i+ T ig infinite?
_E_x: Congidr U= (51,1 % (‘l,‘) x ... &€ " W/ pani Bovin ‘h:\aolbﬂlj,

s this twe [-ball cround (_o;o)o,.-.)?

_f-)_ (;10> = 11 So u IS ot i Twe ['L)h(( o voun 6(



[ foct, U is not orum,( There's o &-wnhd  awound

Sinte Taereg alwou&s SO word.’nq-[—b W/ in T of l.

What ave Twe € loalls avound (0,0).-_)?. I+ £=1, s ewr\jh«inj,

leect et Ug= (60 x(-£,5) ..

It F<e, Thm Ulg is  (ovlained in T €-hall

[£ % is within P g pall, fucie w{fx&;&f g'<e ¢

—_
x € uq,rq/ .
2

Thus, e E-hall isoqgg Us
Theovem:  [he umifovm '(‘opolow on R.T ‘s Gpr o e Pv‘odu.d‘
‘h)polo\jj and Coavsel Thate Twe  box 'l'urgo)oaza

:P__.F-, Lot &‘eﬂla‘l wmd [TUi ke a basic elemont M Tac
Pmdud— ﬁFoIODJ O‘Mﬁ"“i:‘j % - ('XLS(_'&J_

LU*' 0(\ ) 0(7_) -, 0(,\, be Twe iv\oh'(.e.s IAW\LV(_ Ug 7’: IR’ _
in d mehic

d
Sinee M.,(J, is opunm ik [P\, We  come Find  om g; ~ ball "wound ’X,,(é
contuined in Ul,,(d, Lt €= min Ei')-";ih"s,

The  Z-ball cantered ot % i Tue Pﬂmd'w(_ s TTul
Thung e Wnmiform h’?”(ofﬁ ¢ e ot e product {‘opo(o\ja.



Now let B be own  Z-ball contered of 7 ive e F) wmutvic.
L gegle coam £ind deg sk Qe_TT(wc-g)x;w‘)EB
eI
So 'ﬂ/t,g l’)ox ‘fb‘ooll;\jta_ i {"Wm_r M ‘l'l/\.g mi-@nvm'i'o‘)o[ujj_ 0

N~ [ ~—
loed <

}‘M’\"'F - box

So

Note: Sine Mo hox and product f"PD“’ji‘-S are Twe Same if

J s 'HVIH'(, Mza, ave all e sapL v wig Cage.

Howww/ it J is infinite, Ml& ave all dittgent (as we san

MD‘VQ.\ _



